Physi cs 23 Laboratory Spring 1987

D FFRACTI ON AND FOURI ER OPTI CS

| nt roducti on

This |aboratory is a study of diffraction and an introduction
to the concepts of Fourier optics and spatial filtering. The basic
principles of diffraction are covered in Chapter 39 of Physics by
Chani an; the principles of Fourier optics and spatial filtering
are developed in sem-quantitative formin the theory section
below. It is assunmed that for many students this material wll be
new, and that the formal mathematical devel opment will conme in
| ater courses. Therefore, we are relying on a descriptive
devel opnent of the theory and sel f-di scovery through experinment to
provide the | earning experience. Hopefully, this will provide the
background and the stimulus for deeper study in |ater courses.

Theory

A. Fourier Series

The mat hemati cal theoremof J. B. Fourier, which applies to any
periodic function of one variable, can perhaps be best introduced
if one thinks in terns of a voltage V(t) as a function of tine.

The function will have a period t, the tinme interval over which it
is repeated indefinitely, as illustrated in Fig.(1) below. Fourier
showed that V(t) is mathematically (and physically) identical to
the sumof a series of sinusoidal voltages of periods t, t/2,t/3, .etc.

The Fourier conponents, as these voltages are called, can be sine
or cosine functions whose phase and anplitude is determ ned
according to a precise set of formulae. For exanple, as
illustrated in Fig.(1l), a square-wave voltage can be synthesized
froma series of voltages of frequencies f, 3f, 5f, ..etc., (where

f = 1/t, 3f = 3/t, and so forth). A plot of the anplitudes of the

various Fourier conponents, plotted as a function of frequency,
forms the "Fourier spectrum of V(t). |In the case of a square-wave
vol tage, the anplitudes decrease linearly, wth A, the anplitude

of the conponent of frequency nf being proportional to 1/n.

There are thus two alternate ways of representing V(t); one in
terns of tinme, the other in terns of frequencies f and their
respective anplitudes, A(f). |If one knows V(t), one can use the
fornul ae devel oped by Fourier to calcul ate each A,;, if one knows

the val ue of each A,, one can add the conponents to obtain V(t).
In the case of tine-varying voltages, the response of an electrical



circuit which is linear to any periodic voltage can be deduced
fromthe response to the individual sinsusoidal frequencies which
formthe Fourier spectrum For exanple, if an anplifier can
anplify only | ow frequencies, one knows that it wll not reproduce
a square-wave accurately, because a square-wave (ideally) has
conponents of infinitely high frequency.
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B. Fourier Integrals and Transforns

Fourier series can be applied rigorously only to functions
which are strictly periodic; i.e., they repeat indefinitly. For
functions which are aperiodic, such as a voltage pul se, one nust
use nore invol ved techniques to find the Fourier spectrum
Furthernore, rather than a having a discreet set of frequencies, an
aperiodi c voltage pulse will have a continuous frequency spectrum
The frequency spectrum A(f) of a voltage pulse V(t) is called the
"Fourier transformi of V(t). Again, the nethods devel oped by
Fourier allow one to calculate A(f) fromV(t), and vice-versa. The
mat hemati cal fornulae for maki ng these cal cul ations are call ed
Fourier integrals. The results can be visualized by studying the
exanpl es of aperiodic functions and their Fourier transfornms which
are illustrated in Fig.(2) below

C. Spatial Frequencies

So far, Fourier concepts have been applied only to periodic
functions of tinme. Patterns of Iight and dark, or high and | ow
light intensity, can also be thought of as periodic or aperiodic
functions of a spatial variable. For exanple, an infinite string
of black and white stripes can be described as a (one-di mensi onal)
function I(x) in which the intensity | varies with position X
across the pattern. The spatial variable x is now anal ogous to the
variable tinme and the intensity | is anal ogous to the voltage V.

The "period" of this function is the distance | between points of

equal phase, and is nmeasured in, say, centineters. Wiereas the
tenporal frequency in cycl es-per-second (now called Hertz) is the

i nverse of the tenporal period t, the spatial frequency is the
i nverse of the spatial period |, and is neasured in cycl es-per-cm

Optical images are always nade of objects that are quite
limted in spatial extent, certainly not indefinitely repeating.
Therefore, one nust use Fourier integrals to cal culate the Fourier
spectra of any real pattern of light and dark. It m ght be nessy,
but it can be done. Be it a series of black and white bars, or a
bl ack- and-whi t e phot ograph of your grandnother, one can, in
principle, find the Fourier spectrum There is one additional
conplication, which has perhaps occurred to you: pictures are two-
di nensi onal, whereas tine in only one-dinentional. Thus the
intensity distribution of your grandnother's picture is a function
of two variables, I(x,y). Such a distribution will have a spectrum
of frequencies in two directions, x and vy.

A set of horizontal bars (intensity varying in the y-direction)
has a correspondi ng set of "vertical" frequencies, plotted along a



vertical (y) axis; a set of vertical bars (intensity varying in
the x-direction) has a correspondi ng set of "horizontal"
frequencies, plotted along the horizontal (x) axis; a rectangul ar
grid has both x and y frequency conponents, resulting in a
rectangul ar array of frequency points.
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The Fourier transformof a two-dinmensional intensity pattern
can itself be thought of as a two-dinmensional intensity pattern.
The "transformpattern” will be |ight where a frequency conponent
exists, in proportion to the anplitude of that frequency conponent,
and totally dark where there is no frequency conmponent. The
central area of the pattern is the "zero frequency" area, and
represents the average (d.c.) intensity level. Points far fromthe
center of the transform pattern represent high frequencies, or
rapi d changes fromlight to dark.

The Fourier transformof your grandnother's picture will be
nore conplicated than just a set of discreet x and y spati al
frequencies, of course; it will consist of a continuous spectrum

of frequencies in both directions. It will be, in a sense, a
picture; but it won't look |ike your grandnother any nore than the
frequency spectrum of a piccolo note sounds |ike a piccolo.

D. Fresnel and Fraunhofer D ffraction

The full mathematical analysis of diffraction effects involves
sonme conpl ex techni ques, well beyond the | evel of this course.
These techni ques are needed if one is to obtain equations for the
intensity of the light diffracted in the near vicinity of the
diffracting object. The ripples of water waves diffracted by an
opening in a barrier in a ripple tank provide an exanple of what is
called "Fresnel diffraction". Wen the distance of the plane in
whi ch the diffraction pattern is observed is nade essentially
infinte conpared with the dinmensions of the diffracting object, the
analysis is greatly sinplified. This latter case is called
"Fraunhofer diffraction”, and that is what is treated in
introductory texts. For exanple, in Section 39.2 of Chanian, the
rays of |ight propagating fromthe slit, and later conbining in the
diffraction pattern, are parallel; they could only neet at
infinity, and the approxi mati on of making themparallel is
essential to the argunent.

oserving the diffraction pattern at great distances is
inmpractical; for one thing it would be very large, and for another
it would be very faint. An alternate, and equivalent, nethod is to
place a lens in front of the diffracting object. Any set of
parall el rays fromthe object striking the lens will then be
focussed by the lens in its focal plane, and the intensity pattern
fornmed by all rays will conprise the Fraunhofer diffraction
pattern, reduced in size but to scale.

This | aboratory will provides an opportunity to conpare the two
types of diffraction, Fresnel and Fraunhofer. For the forner, one
pl aces an object in the columated beamfroma | aser and observes
t he "shadow' on a screen about a neter away. For the latter one



pl aces a |l ens one focal length fromthe object, and observes the
pattern at one focal |length distance on the othe side. (This

rel ative placenent of the lens and the object is not the only one
t hat produces a Fraunhofer-type pattern, but it does nake a
diffraction pattern that is of the same scale as the object; that
i's convenient for the procedure described next.)
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If a lens placed in front of an object (light intensity
pattern) fornms a diffraction pattern of that object in the focal
pl ane of the |lens, what happens if a second lens is placed in front
of the diffraction pattern? It will forma diffraction pattern of
the diffraction pattern, which turns out to be just an i nage of the
original object! That is a nost significant property of imaging
and diffraction that will be explored experinentally in this |ab.

E. D ffraction Patterns as Fourier Transforns

The equation for the magnitude of the electric field in a
diffraction pattern (viz., Eg. (12), page 887 of Chanian), if
squared and time-averaged, gives the intensity of the light in a
diffraction pattern. (Renmenber that this is a Fraunhofer pattern,
and the presence of a lens in fromof the diffracting slit can be
presuned). This equation essentially transfornms one intensity
distribution, that of the original object, into a second intensity
distribution, that of the diffraction pattern. The figure on the
left below [Fig. (3a)] is a one-dinensional plot of the intensity
of the light enmerging froma long slit of wdth a (with a = 31).
The figure on the right, Fig. (3b), taken from page 887 of Chani an,
is a one dinensional plot of the intensity in the diffraction
pattern. If alens is used to formthe pattern, it is the lens
whi ch can be thought of as making the transform
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The connection between Fraunhofer diffraction patterns and
Fourier transfornms is both mathemati cal and physical. Wen a |lens
forns a diffraction pattern of an intensity distribution, it is
maki ng a Fourier transformof that distribution fromone of space
to one of spatial frequencies. The diffraction pattern is the
Fourier transformof the object; the focal plane of the |l ens can
be considered then transformplane. |If a diffraction pattern is
made a second tine, it is |like making a second Fourier transform
whi ch brings one back to the original object.

Referring back to the discussion of the voltage V(t) and its
Fourier spectrum A(f), what the lenses do in this lab is the
opti cal equival ent of changing fromthe time description of the
voltage V(t) to the frequency description A(f), and back again.
Furthernore, if one could first transformV(t) to A(f), then nodify
A(f) in some desired way, and transform back again, one m ght have
an "inproved" V(t). For exanple, suppose V(t) was nusic plus an
annoyi ng 60 Hz "buzz". |If one were to filter out electronically
just the 60 Hz component of V(t), one would then be left with just
t he nusi c.

The anal ogous operation in optics is known as spati al
filtering, or optical filtering. The process is one of altering
the diffraction pattern of an object, then form ng a second
pattern which is a nodified i mage of the object. The patterns are
altered by placing a nask in themwhich selectively transmts only
certain parts.

The purpose of this lab is to |l earn by experinent, wth nany
mat hemati cal details being eshewed You are provided with a nunber
of objects, nost of the 35 nmslides, with which to form
diffraction patterns and double-diffraction images. A quantitative
under st andi ng of the rel ationshi ps between Fourier anal ysis,

Fourier transfornms, and optical diffraction should be easier to
arrive at after the insight provided by these exercises.

Appar at us

The apparatus in this experinents consists of a board with two
paral l el tracks of optical bench two neters long; a 0.8 nw He-Ne
| aser, with a spatial filter; two 100 cmfocal length | enses and
on 50 cmfocal length lens; three lens holders; two adjustable
front-surface mrrors; two spring-clip slide nounts; carriers for
t he above optical conponents, which are pin nounted, including one
carrier with vertical and horizontal adjustnents; a set of slides
for creating and masking diffraction patterns; a neter stick, a
ruler, a flashlight, a magnifying glass, and other small pieces
i ncluding pins and needles to use as diffracting objects.



Pl ease handle all of this apparatus with care, as it is of good
quality and will be degraded or damaged if treated roughly or
carelessly. Try to keep finger prints off the |lenses, mrrors, and
slides, and be careful when you place the carriers on the benches
or nove them about.

Pr ocedur e

A Initial Adjustnents

1. Turn on the laser, and check to see that the spatial filter is
producing a clean beam If this is not the case, ask the
instructor to help you get the spatial filter aligned.

2. Adjust the laser nmount, and the |laser, so that the beamis
projected staight down the first optical bench, parallel to the
bench in both the vertical and horizontal directions. Keeping
the beam at the sanme height at all points, as neasured with a
plastic ruler is adequate. Note that the beam expands as it
noves down the bench

3. Place the 50cm | ens about 50 centineters fromthe pinhole, and
place a mrror several centineters further along on the bench.
Adjust the mrror so that the beamis reflected back through
the 50cmlens, formng a snall spot adjacent to the pinhole.
Now nove the lens to fine tune the focus to nake that spot a
point. The 50cmlens will now be one focal Iength away from
t he pinhol e, and the beam shoul d be columated at about 1 inch
dianeter at all points on the bench.

B. Fresnel Dffraction Patterns



For this exercise the diffracting objects should be placed
about 20 - 30 cmbeyond the 50 cmlens. The follow ng are
suggested: A needl e and/or pin, stuck into thecork-and-dowel
mount; a razor blade, also stuck in the cork, with the edge
half way in the beam slides #1 (eight holes), #2 (square
aperture), and #3 (round hole); the iris diaphram

Pl ace each object, in turn, as suggested, and observe the
diffraction pattern at several distances fromit. D stances of
10, 30, 100, and 300 cm are suggested. For the | onger
distances it will probably be necessary to "bend" the beam
around a corner, and back down the second bench. Hold a piece
of white paper in the beamto observe the pattern, or place a
screen on the bench, or place one of the translucent filters in
a slide hol der and observe it fromthe back side.



Note that the diffraction pattern changes froma fairly sharp
shadow, to a fuzzy shadow, to a pattern that is not really
shadowlike at all. Note also howthe pattern of the iris

di aphram changes with aperture dianeter. The change in the
patterns is the transition fromthe Fresnel, or near-field
pattern, to the Fraunhofer, or far-field pattern.

Sketch the patterns in your notebook.

Fraunhofer Diffraction Patterns

The full transition to a Fraunhofer-type pattern can be

achi eved by introducing a second lens, with a 100 cm f ocal

| ength. The second | ens shoul d be placed one focal length from
the diffracting object, formng a diffraction pattern one focal
length to the other side and a real image at infinity. Place
the lens 1 meter fromthe object, and place a mrror a short

di stance behind it. Adjust the mrror so that the beam

refl ected back through the | ens, forns an i mage on the obj ect
slide holder. Now nove the 100 cmlens until the image is
sharp; this places it one focal length fromthe object.
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The diffraction pattern of any object placed in the slide
hol der will be formed 100 cmto the right of the second | ens
(this will actually be a point on the second bench where the
beamwi | | have been deflected by the two mrrors).

(oserve the Fraunhofer diffraction patterns of some of the
foll ow ng slides:

#4, #5, and #6 - parallel lines of various spacing - when
mounted vertically, horizontally, or at an angl e;

#7, #8, and #9 - concentric circles of various spacings;
#10, #11, and #12 - grids of various fineness.

Conpare the patterns for the grids with that of the |ines;
note how the pattern changes when the structure of the object
becones fi ner.

O her sides and objects can be used, such as the variable
aperture. Sketch the patterns in your notebook, paying
attention to the spacing of the maxima (bright |ines and dots)
in the pattern, which is a neasure of the spatial frequencies
in the object.

Doubl e Diffraction

Now pl ace a second 100cmlens 1 nmeter beyond the diffraction
pattern. It will form1 meter away on the other side a
diffraction pattern of the diffraction pattern; which, as you
will see, is an inage of the original object.

The exerci ses suggested for this part are sinply ones of
pl acing various slides in the object holder, as was done
previously, and now observing the results of double
diffraction.
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Spatial Frequencies and Spatial Filtering

The images formed in the previous exerci se were not perfect,
because the full diffraction pattern could not be transmtted
by the finite apertures of the |l enses. Further degradation or
nodi fication of the i mages can be introduced by placing a nmask
beside the diffraction pattern, a point half-way (optically)
bet ween the two 100cm | enses.

Four masks are suggested for these exercises: slide #15, a
slit in a black screen; slide #25, a slit with an opaque
center; slide #26 (honenade), a glass slide with a black bar
whi ch has a central gap; and the iris diaphram

As an indication of what can be learned in this section, review
or re-examne the diffraction patterns of slides #5 and #11,
noting how the pattern of #5 changes with orientation. Put #11
in the object-slide holder, and the nmask #15 (or the iris

di aphran) in the mask holder. Set the mask holder in the

adj ustabl e nmount, and place it in the diffraction plane, where
the diffraction pattern is |ocated.

(oserve the effects of masking off various parts of the first
diffraction pattern on the second diffraction pattern (i.e.,
the image). Note that by nodifying the pattern of slide #11 to
replicate the pattern of slide #5, that one can transformthe

i mge of slide #11 to | ook (approximately) like the image of
slide #5.
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11.
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As has been discussed, the diffraction pattern is essentially a
transformof the intensity-vs-position of the object into

anpl i tude-vs-spatial frequency. The zero-frequency, or d.c.,
anplitude is the central spot of the pattern; higher spatia
frequencies and finer detail are carried by points away from
the center. Thus, one woul d expect that by cancelling out the
outer part of the pattern and retaining the center that gross
deatil would be retained but fine detail would be |ost.

Try masking off the diffraction pattern of various objects to
i nclude nore or |ess of the outer points, or higher spatial
fregencies, and observe how this affects the detail in the

i mage.

| mage Processing

Thi s exerci se shows how one can enhance images and bring out
particul ar details by nodifying a diffraction pattern with
optical filtering. Slide #22 is a simulation of a photograph of
cl oud chanber tracks. The horizontal |ines represent tracks
fromincomng particles, the nore randomtracks represent the
particles that are products of interactions. It is the latter
tracks that one wants to enhance, the fornmer tracks one wants
to surpress.

Mount slide #22 in the object holder, and observe the
diffraction pattern and the inmage. Note that conponent of the
pattern - a line of closely-spaced naxima - that corresponds to
the lines. Now use the glass slide with the black bar to
filter out that line. Describe the results in your notebook.

Mount slide #24, a half-tone picture of a physicist, in the

obj ect hol der, and observe the diffraction pattern and the
image. Note the resenblence of this diffraction pattern to
that of slide #11, and the grainy nature of the inmage. Now use
the iris diaphramto filter out the high spatial frequencies of
the pattern, and so convert the grainy half-tone picture to a
snoot her continuous one. Describe the results in your

not ebook.

Finally, nmount slide #25, a nultiple-image photo of two peopl e,
in the object holder. One inmage is stored with vertical shaded
lines, the other with horizontal shaded lines; the diffraction
pattern resenbles that of a grid. Use the mask slide #23 to

sel ect out the pattern of one or the other inmage, observe the
result, and describe themin your notebook.

Babi net's Principle



14. Read Section 39.3 of Chanian. Two slides have been nade of
reduced copies of Fig.39.17 on page 894. Below that figure is
a picture of the diffraction patterns fornmed by the
conpl ementary pair of object nmasks. Conpare the diffraction
patterns that you observe fromthese slides with the ones given
in the text.



