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1 Introduction complex SLM is commercially available, however, and the

The encoding of fully complex functions onto computer MOst recent demonstrations of fully complex SLMs require
generated Fourier transform holograms was first introduced the use of multiple SLMs. For these reasons, complex-
by Brown and Lohmanh?2 The method and other subse- valued representations continue to be of interest. _
quent fully complex encoding methods, reviewed in Refs. 3 _Most of the early CGH design methods treat multiple
to 5, provide the ability to transparently specify desired PiXels as a single group to realize a single complex value.
far-field diffraction patterns in terms of Fourier transform BY grouping pixels, the space-bandwidth product of the
identities, tables and other well known relationships, many Signal is necessarily less than that of the CGH. Therefore
that are known in closed form. An example of a system the useable bandwidth of the reconstruction is limited to
application is the potential of using phase-only spatial light only a fraction of the entire bandwidth set by the pixel
modulators(SLMs) to produce and steer multiple spots in Sample spacing. This is especially important today when
arbitrary directions independent of each other in real ime. electrically addressed SLMs are relatively expensive and
The ability to directly encode and represent desired com- consist of a small number of pixels compared to fixed pat-
plex valued modulation provides the numerical efficiency tern CGHs and diffractive optics.

required to design a continuous stream of modulations in ~ One early technique that does use a single pixel to rep-
real time. Other real-time applications that can benefit from resent a complex value is the original kinoform, in which
complex-valued representations are considered in Ref. 5.the magnitudes of each complex value are set to Uity.
Additional advantages of complex valued representations in Due to noise and inaccuracies in the reconstructibay-
terms of the fidelity of computer generated holograms ever, most phase-only CGHs now are designed using vari-
(CGHs and diffractive optical elements were also consid- ous numerically intensive global search algorithffig?In

ered by Kettunen et dlCertainly the recognition of these some real-time systems, the filter design may need to be
various advantages has also spurred the development andone on-line, which may not enable global searches to be
demonstration of fully complex modulatdtst' No fully performed. Other single pixel methods are the minimum
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Euclidean distancéMED) methods for matched filt&tand examples that, in addition to illustrating the analysis tech-
CGH (Ref. 20 design. MED optimizes a performance met- nique, are used to identify properties of pseudorandom en-
ric as a function of a complex-valued factor that scales all coding that were not previously known. Sec. 2 reviews the
the desired complex values. The performance metric is cal- mathematics of pseudorandom encoding and specializes the
culated for each value of the scale factor. Once the opti- problem for the use of binary statistics. Then in Sec. 3,
mum scale factor is found, each desired complex value is these tools are applied to evaluating the encoding range and
mapped to the closest realizable value on the modulationencoding errors for SLMs having a variety of modulation
characteristic. This two parameter search requires considercharacteristics.
ably less computation to perform than the global searches.

MED and related studiés?? are important in that they _
describe filter design methods in such ways that the meth-2 Pseudorandom Encoding of Fully Complex
ods apply to a wide variety of modulation characteristics. Functions
This recognizes the fact that current electrically and opti- .
cally addressed SLMs have widely varied modulation char- 21 IC:_;eneral Description of Pseudorandom

o X . ncoding

acteristics that are usually not accurately described as being
pure phase or amplitude modulators. Instead, these SLMsAll pseudorandom encoding algorithms specify the modu-
exhibit various degrees of coupling between amplitude and lation of any given pixel in terms of a user specified ran-
phase, as reported in a number of papers on SLM modula-dom variable. The statistical properties of the random vari-
tion characteristic&3-26 able are selected in such a way that the expected value, or

Pseudorandom encodiR§the subject of this paper, isa average, of the random modulation is identical to the_de-
single pixel method that has been primarily applied to CGH sired, but unobtainable, _fully complex value. The desired
design. The procedure for mapping a desired complex complex-valued modulation is writtem= (&, 1) and the
value to a realizable pixel modulation is a noniterative and resulting modulation by the SLM ia=(a, ), where the
numerically efficient operation. When the CGH is illumi- ordered pairs are the polar representations of the complex
nated by a uniform plane wave, the far-field diffraction quantities. Complex quantities are indicated by bold type.
pattern approximates the desired reconstruction in an aver-The pseudorandom encoding design statement is, in gen-
age sense. Superimposed on the desired reconstruction is &ral, to find a value of the ensemble average
white noise pattern that covers the entire reconstruction
plane. The energy in the noise is equivalent to the errors
between the desired complex values and the realized vaI-<a>:J ap(a)da, «y
ues. By spreading the noise over the full extent of the re-
construction plane, the noise level is, on average, the lowest

possible for a fixed level of error energy. This can be . ; : o .
compare@® with error diffusion methods for CGHs. The properties ofa are determined by its probability density
: function p(a). The probability density functiofpdf) is se-

reconstruction from the error diffused hologram also pro- '
duces a noise cloud, but the noise cloud and desired recon-lec:tedto ensure that the expected valueaaind the desired

struction appear in different regions of the reconstruction complex value are |der_1t|cal. Thszalec_nonof a pdf corre-
plane. Thus, unlike error diffusion, pseudorandom encod- SPONdS to solving the integral equation, Ed) for p(a).
ing enables the desired reconstruction to be formed any- 1 h€ solution is not unique since the integral in E5.is a
where in the full extent of the reconstruction plane. The Projection from the multidimensional space afinto a
noise level from pseudorandom encoding a particular signal SiNgle value(@). After an appropriate density function is
still might be unacceptably high, however, there are simple détermined, the desired complex valagis encoded by
calculations that can be performed prior to encoding that drawing a single value oé from a random distribution
measure the noisé;?° and many pseudorandom encoded having the density functiop(a). Since the value o& is
designs with negligible noise backgrounds have been re-found deterministically by computer, rather than from a
ported to daté’2%-%1 random process occurring in nature, the procedure has been
Originally pseudorandom encoding was introdiféddr termed pseudorandom encoding. ) o
phase-only SLMs, and then ways to generalize this method _ This general pseudorandom encoding prescription is ap-
to amplitude-phase coupled modulators were considéred. Plied to each pixel in sequence to encode the desired spa-
A useful result from this study was the development of a tially varying complex modulationa, . Usingi as the spa-
closed form encoding algorithm in which the values of any tial coordinate, the spatial samples of the desired complex
given coupled modulation characteristic could be explicitly modulation, the density function and the random modula-
placed in the formuld! However, numerical evaluations tion can be written as;, pi(a) anda . (This indexing
show that some complex values could not be encoded byscheme can be conveniently applied to 1-D or 2-D arrays
this method. These observations led to more fundamentaland it is not restricted to equally spaced samples.
analyses of the properties of pseudorandom encoding, in- The far-field diffraction pattern of the encoded modula-
cluding the encoding range and the amount of error signal tion & approximates the desired diffraction pattern. This
produced by encoding. The greatest progress was made byan be seen by comparing the intensity of the desired far-
using binary statistics that, in addition to numerical ease, field diffraction pattern with the ensemble average diffrac-
provide useful geometrical interpretations of various prop- tion pattern that would result from the encoded modulation.
erties of the pseudorandom encoding methods. This paperThe intensity pattern of the desired diffraction pattern from
specifically describes this analysis technique and presentsan N sample fully complex SLM is

of the random variabla such thata)=a.. The statistical
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whereF{-} is the Fourier transform operatdk;(f,) is the
Fourier transform of the transmittance of tHéh pixel of

the SLM, andf, is the spatial coordinate across the Fourier
plane. The expected intensity of the diffraction pattern from
the encoded modulation was derived for the condition that
the random variable; for thei’th pixel is statistically in-
dependent og; for all j not equal tai. Under the pseudo-
random design conditiofa)=a.; the ensemble average

pattern is express Fig. 1 Geometric relationships for pseudorandom encoding the de-
sired value a. using random binary selection of modulator values a,;
N 5 5 and a,.
((Ey=le(f+ 2 (A~ [Acl?), 3
whereA,(f,) is the Fourier transform o . The expected (@ =da;+(1—-d)a;. (6)
intensity consists of two terms. The first term is the desired ) . . .
diffraction pattern from Eq(2). The second term, th&l Eq. (6) is recognized as the expression for a line as a func-

term summation, represents the average level of back-tion of the variabled. Ford=1, &, is encoded, fod=0, a,
ground(i.e., specklg noise that is produced as a result of IS encoded and for values dfbetween 1 and 0, any value
the randomness of the modulation. It is the error signal lying on the line segment between and a, can be en-
referred to in the introduction. For the case of pixels that coded. Therefore, thencoding rangef pseudorandom bi-
are modeled as pointlike apertures, the average backgroundiary encoding is the line segment that connegtto a, as
noise is of constant intensity for all frequencfgdi.e., it is illustrated in Fig. 1.

white))

2.3.1 The binary encoding formula

2.2 Encoding Error Defined For a given value ofl the desired complex valua.(d)
Eq. (3) identifies individually the noise contribution of each =(a) is representedi.e., encodedby a single randomly
pixel. Therefore insight can be gained by evaluating the selected value
noise contribution in the modulation plane. Under the as-
sumption that the pixels are infinitesimally wide apertures, a=a; if 0=<s=<d,
the inverse Fourier transform of the noise from a single 7)
SLM pixel [i.e., a single term from the summation in Eq. a=a, if d<s<1,
(3)] gives the encoding error

wheres is a uniformly distributed random number between
e=(la?)—la?, 4 0 and 1.

where the subscript has been dropped to simplify presenta- ) .
tion. (If the pixels are finite width, then an autocorrelation 232 Binary encoding error
of the pixel aperture function would also be included in the Evaluating Eq.(4) using Egs(5) and(6) and the expecta-
formula?’ This term is dropped because it adds no essential tion
insight to the current discussionin the next subsection
Egs. (1) and (4) are specialized for the case whexés a  (|al®)=d|ay|*+(1-d)|ay|?, (8)
binary random variable.

the encoding error can be written

2.3 Pseudorandom Encoding with the Binary
Distribution and Geometric Interpretation

_The probability density function for the binary distribution The error is written in terms of the magnitudes and phases

e=d(1-d)[al+aj—2a1a, cos(y;— ¢)]. (9)

IS of a=(a;,¢;) to show that the term in the brackets is the
familiar formula for the “law of cosines,” which gives the
p(a)=dd(a—ay)+(1—-d)d(a—ay), (5) squared magnitude of the line segmeqt-a,. Thus the

. . . , encoding error can be written
where &) is the Dirac delta functiong; anda, are a pair g

of complex values from the modulation characteristicend  ¢=d(1—d)|a;—a,|?. (10)

and 1-d are the probabilities of selectiray anda, . Since

d is a probability, its value is between 1 and 0. Using the Using the main premise of pseudorandom encoding that
binary density function in Eq(1) gives an expression for a.=(a), Eq. (6) can be rearranged to make the two rela-
the effective complex amplitude of tionships evident
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Fig. 2 Multiple possible pairs of modulation values (joined by Fig. 3 Geometric relationships used to prove that for a circular

chords) that can pseudorandom encode the desired value a, for a modulation characteristic, the encoding error is identical for encod-

circular modulation characteristic. This construction shows that ing with any pair of points from the modulation characteristic that are

there are an infinite number of possible binary pairs that encode a . collinear with the desired value a. .

a.—a,=d(a;— ay) However, it.is not necessary to write the rglationship be-
2 1 “2h tween amplitude and phase for the evaluations to be con-

11 sidered here.
a—a=(1-d)(a—ay). Figure 2 illustrates two interesting properties of pseudo-

. . ) . random encoding for circular modulation characteristics.
These lengths are_lnd|cated on Fig. 1. Using tﬂq) in Eq. First, it can be seen by repeated plottings of EB). for
(10) shows that binary pseudorandom encoding error can gitterent values of, anda, that any complex value inside

be expressed as the circular characteristic can be encoded by choosing a

pair of points from the characteristic that are colinear with
e=|ay—acl|ac— 2. (12 the desired complex valug, . Second, it can be seen that
since probabilityd of selecting one endpoint can never ex-
ceed unity, no complex values outside the characteristic can
be pseudorandom encoded. Third, it can be seen that there
are multiple pairs of points that can encode the same value
a.. Obviously there are an infinite humber of solutions.
This nonuniqueness of pseudorandom encoding was de-
scribed in general in the text following EL).

If there are multiple solutions possible, is there one par-
ticular one that produces the least encoding error? It turns
out that for circular characteristics, the encoding error is
identical for all possible solutions. This can be proved us-
ing the geometric constructions in Fig. 3. For this statement
to be true then according to EGL2)

Written in this form, the encoding error can be directly
interpreted as the product of the lengths of the line seg-
mentsa; to a. anda; to a,.

This section hagl) identified [following Eq. (6)] that
the pseudorandom encoding range for any pair of complex
valued points is the line segment connecting those two
points and(2) derived[Eq. (12)] that the encoding error is
equal to the product of the lengths of the two line segments
that connech, to a. anda, to a.. These two basic results
provide a useful tool for evaluating and understanding the
encoding properties of various coupled SLM characteristics
and, ultimately, developing new pseudorandom encoding
algorithms for specific modulation characteristics. Their ap-

plication to the analysis of a variety of coupled modulation eo=l 1=l (13)
characteristics is illustrated by the examples that follow in ~¢ 127 34
Sec. 3.

wherel; are the distances from the poirgsto a.. The line
segmenty; to a, in Fig. 3 passes through the center of the

3 lllustrative Analyses of Pseudorandom circle. The radius of the circle can be assumed to be unity

Encoding on Coupled SLMs with no loss in generality. Also defining=1—15 as the
distance from the center ta, leads to a straightforward
3.1 Phase-Only and Circular Modulation derivation. The law of cosines gives the expressions
Characteristics )
Figure 2 shows a circular modulation characteristic on the 17 2%l1 cosy—(1-x?)=0,
complex plane. This is more general than phase-only be- | (14
cause the center of the modulation characterigticcurve 15+ 2xl, cosy— (1—x?)=0,

is not necessarily located at zero. Off centered curves are

typical of birefringent liquid crystal SLMs used with a po- Where —cosy=cos (m—) has been used to eliminate the
larizer. As the polarizer is rotated away from the extraordi- complementary angle— ¢ from the second expression in

nary axis, the center of the modulation characteristic moves Eq. (14). The positive roots to the quadratic equations are
away from the origin in the complex plane. Thus this char-

acteristic can be viewed as coupled in amplitude and phasel;=x cosy+ (x? cog ¢+ 1—x?)*2,
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Fig. 4 Constructions used in the comparison of the encoding error
for biradial and circular modulation characteristics. We show in the
text that when encoding the desired value a., the error is always
lower if the biradial modulation values a, and as are used rather
than the values a; and a, from the single radius portion of the modu-
lation characteristic.

extremal
encoding
range

non-2T phase-only curve

Fig. 5 Encoding range (shaded) for a non-27 phase-only SLM
(thick curve). The thin line represents the values that can be pseu-
dorandom encoded using the endpoints ag and a; of the modulation
characteristic. The fully complex range is the largest circular region
surrounding the origin. Therefore the non-27 modulator can repre-
sent a fully complex modulator if the desired complex-valued modu-
lation are scaled so that their values fit within the fully complex re-

gion.

l,=—xcosy+ (x?cog ¢+ 1—x3)12, (15)
tremal line segmerdg to a; . The interior regior(shown by
both shading patteripgorms a convex set. The key result of
this analysis is that by appropriately scaling the desired
complex valuegto fit within the circular, fully complex
region in Fig. 5 it would be possible to pseudorandom
encode any fully complex function with the norrphase-
only characteristic.
- . . - Figure 6 shows a convoluted characteristic. Some com-
3.2 Biradial Circular Modulation Characteristics plex values that in a sense avetsidethe modulation char-
Figure 4 shows a circular SLM characteristic that, in addi- acteristic can also be encoded by binary pseudorandom en-
tion to the Fig. 2 characteristic, also can produce a modu- coding. There are three extremal line segments in Fig. 6
lation state at the center of the circle. For characteristics that, together with the convex portions of the modulation
centered on the origin, this would be a phase-only SLM curve, define the boundary on the convex set of encodable
that also contais a O state. Using the geometric construc- values. Using binary encoding analysis to evaluate the en-
tion in Fig. 4, we can see that the encoding error produced coding range shows that the encoding range can be signifi-
by encoding with the pointa; anda, is cantly larger than one might at first assume.

The encoding range of a discrete modulation character-
istic is evaluated in Fig. 7. Here only values on the six line

1 " “h / WWWMWHH||||||""...,“

SLM and substantially better when the desired complex e
values are close to zero.

The product of the two lengths then simplifies to
ec=I1l2=(1+x)(1-X), (16)

which is independent of anglg and which is seen by in-
spection of Fig. 3 to be identical tal, .

Sb:|5|4:X(l_X). (17)

From the result in Eq(16) or from the geometry in Fig. 4
we can see that encoding with the central point always
produces less error than does biamplitude encoding with a
phase-only SLM. For a unit radius circular characteristic
x=d and the ratio of the two types of error reduces to

extremal encoding range

3.3 Non-27 SLMs, Discrete SLMs and Convoluted
Modulation Characteristics non-convex modulation curve

Figure 5 shows a phasefonly SLM that does th produce aFig. 6 Encoding range for a nonconvex modulation characteristic
full 27 of phase modulation. The curve starts with paigt (thick curve). The three thin lines together with the convex portions
and ends with poin;. Obviously, any value on a line of th‘; iL'\TAhb?\:/nd ;hed _00”V9t>t< region thatdctandb?_ Pse_umlandom

; ncoded. The two shading patterns are used to distinguish the non-
betwe.en these two points can be pseqdqrando_m enCOdeogonvex region inside the modulation characteristic from the addi-
Also line segments can be drawn that fill in the interior of ionaj range that the analysis using the properties of binary statistics

the region bounded by the modulation curve and the ex- has identified as being encodable.
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ay

a
aq

Fig. 7 Encoding range for a four-value discrete modulation charac-
teristic. Binary pseudorandom encoding only encodes values on the
six line segments. However, any other value (e.g., a;) in the convex
region bounded by the lines connecting ag, ag, ajp, a;;, and ag
could be encoded by a combination of binary encoding algorithms.

crete modulation characteristics can represent fully com-
plex functions over a continuous region in the complex
plane. This result is especially significant in light of the
digital addressing of SLMs and the small number of phase
steps used in most multilevel binary diffractive optics.
Therefore, this analysis method proves to be a useful tool
that can accelerate the development and broaden the appli-
cability of pseudorandom encoding algorithms to a wide
variety of amplitude-phase coupled modulator characteris-
tics.
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segments connecting the four realizable points can be pseu-
dorandom encodedising binary distributions However,
other random distributions can be used to encode the entire 1
region surrounded by curveg,ag,a;9,811,83. One ap-
proach for doing this is to build up more involved distribu-
tions out of combinations of binary distributions. The 3.
dashed line in Fig. 7 represents the set of values that could
be encoded betweemy anda, if the valuea. were part of 4.
the modulation characteristic. However the valgds the

result of binary pseudorandom encoding using the values g
ag anday, and it is not part of the characteristic. Nonethe-
less it is possible to randomly select betwegranda,; so

that the desired value; can be realized on average. This 6.
two step encoding formula was evaluated as being equiva-
lent to a single encoding formula using a ternary distribu-
tion that selects between the poirdg, ag, and a;9. A
derivation of such a formulé&hough not applied to discrete
SLMs) is given in Ref. 31. From this analysis, it becomes &
apparent that by varying the value af it is possible to 9.
encode the entire region interior #,a9,a,9,8g USING a
ternary encoding formula. The region interior to
ag,a40,d11,8g can be pseudorandom encoded in a similar
manner.

2.

4 Summary and Conclusions 12.

The use of binary statistics leads to extremely simple pseu-

dorandom encoding formulas. Perhaps the greatest value of >

using the binary distribution is that it provides significant

insight and even a graphical interpretation of the operation 14-

and performance of pseudorandom encoding. Evaluations

have been presented for a variety of amplitude-phase15.

coupled SLM characteristics. In each case a convex region

was identified by simple graphical constructions. An ex- 16.

tremely simple formula for determining the encoding error
was presented. Applying it to circular SLM characteristics 45
showed there to be no advantage as to which pair of modu-
lation values are used in the encoding formula. For noncir-
cular SLM characteristics, however, significant reductions

in encoding error are possible. We also found that phase-19.

only SLMs that produce phase modulations greater than
but less than 2 can also be pseudorandomly encoded with

fully complex functions. Also discussed were ways to build 21.

up more complicated functions out of combinations of bi-

nary distributions. This was used to demonstrate that dis- 22.
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